GLOBAL EXISTENCE AND UNIQUENESS OF SCHRODINGER 

MAPS IN DIMENSIONS > 4 

1. BEJENARU, A. D. lONESCU, AND C. E. KENIG 

Abstract. In dimensions d > 4, we prove that the Schrodinger map initial- 
value problem 

J dts = sx As on M'* x K; 
\ s(0) = so 

admits a unique solution s : R'^ x R ^ ^'^ ^ , s e C{R : H^), provided 
that So £ Hq and ||so - (9||^d/2 <. 1, where Q G 
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1. Introduction 
In this paper we consider the Schrodinger map initial-value problem 



diS = s X As on M"^ 



X 



s(0) = So, 
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2 I. BEJENARU, A. D. lONESCU, AND C. E. KENIG 

where d > 4 and s : M'^ x M — > "-^ is a continuous function. The Schrodinger 
map equation has a rich geometric structure and arises naturally in a number of 
different ways; we refer the reader to or ^2] for details. 

For a > and n e {1,2,.. .} let H" = H''(R'^; C") denote the Banach spaces 
of C"-valued Sobolev functions on M*^, i.e. 

n 

1=1 

where denotes the Fourier transform on L^(R'^). For a > 0, n G {1, 2, . . .}, 
and / G if''(M°'; C"), we define 

ii/iIh^ = Eii-^w(//)(o-ieniy'^'- 

1=1 

For a > and Q = {Qi, Q2, Q3) G we define the complete metric space 

= H^iR';S' ^ R') = {f:R'^R': ^ 1 and / - Q G H'^}, (1.2) 

with the induced distance 

dQ{f^9) = \\f-9\\H^- (1.3) 

For simplicity of notation, we let ||/||_H-g = dqi^f^Q) for / G Hq. Let Z+ = 
{0, 1, . . .}. For n G {1, 2, . . .} and Q G §^ we define the complete metric spaces 

= H^iR'^;€J') = Pi H" and = ^ H^, 

with the induced distances. Our main theorem concerns global existence and 
uniqueness of solutions of the initial- value problem ()1.H) for data sq G Hq, with 

ll'^O - Qlli/d/2 < 1. 

Theorem 1.1. Assume ci > 4 and Q G Then there is Eq = eo{d) > such 
that for any Sq G Hq with \\sq — Q\\fjd/2 < Sq there is a unique solution 

s = SQ{so)eC{R:H^) (1.4) 

of the initial-value problem ()1.1|) . Moreover 

sup \\s{t) - Q\\Hd/2 < C\\so - (1.5) 

and 

sup \\s{t)\\H- < C{a,T,\\so\\H-) (1.6) 

te[~T,T] ^ ^ 

for any T G [0, 00) and a G Z_|_. 



GLOBAL SCHRODINGER MAPS 



3 



Remark: We prove in fact a slightly stronger statement: there is ctq G 
[(i/2, oo) n Z sufficiently large such that for any sq G Hq° with ||so — Q\\fjd/2 < Sq 
there is a unique solution 

of the initial- value problem (jl.ip . Moreover, the bounds p.5|) and ()1.6|) (assuming 
So e H^, a e Z+) still hold. 

The main point of Theorem ll.ll is the global (in time) existence of solutions. Its 
direct analogue in the setting of wave maps is the work of Tao [25J (see also jl4j . 
Uni, 123, EH], EHl, [13, El, HE], and Ei for other local and global existence 
(or well-posedness) theorems for wave maps). However, our proof of Theorem ll.il 
is closer to that of E2] and fTF. 

The initial-value problem (jl.l|) has been studied extensively (also in the case 
in which the sphere §^ is replaced by more general targets). It is known that 
sufficiently smooth solutions exist locally in time, even for large data (see, for 
example. Ell, 0, [H], [13 ^^^1 the references therein). Such theorems for 
(local in time) smooth solutions are proved using delicate geometric variants of 
the energy method. For low-regularity data, the initial-value problem (jl.lj) has 
been studied indirectly using the "modified Schrodinger map equations" (see, for 
example, jS], [H], [20], [U], jH], and [101) certain enhanced energy methods. 

In [7j, lonescu-Kenig realized that the initial- value problem fll.l|) can be ana- 
lyzed perturbatively using the stereographic model, in the case of "small data" 
(i.e. data that takes values in a small neighborhood of a point on the sphere), 
and proved local well-posedness for small data in Hq, a > {d+ l)/2, d > 2. The 
resolution spaces constructed in [7j (see also [HI for the 1-dimensional version of 
these spaces) are based on directional L^''^ physical spaces, which are related to 
local smoothing; in particular, the nonlinear analysis is based on local smoothing 
and the simple inclusion 

We use the same resolution spaces and this simple inclusion in the perturbative 
analysis in section El in this paper. 

Slightly later and independently, Bejenaru [21 also realized that the stereo- 
graphic model can be used for perturbative analysis, and proved local well- 
posedness for small data in H'^, in the full subcritical range a > d/2, d > 2. 
In the stereographic model Bejenaru observed, apparently for the ffist time in 
the setting of Schrodinger maps, that the gradient part of the nonlinearity has a 
certain null structure (similar to the null structure of wave maps, observed by S. 
Klainerman).^ The resolution spaces used in [2^ for the perturbative argument are 
different from those of 0; these resolution spaces are based on the construction 

^This null structure was not observed in the earlier paper of lonescu-Kenig [7j; without this 
null structure the restriction cr > (d + l)/2 in [7| is necessary for the perturbative argument. 



4 



I. BEJENARU, A. D. lONESCU, AND C. E. KENIG 



of suitably normalized wave packets, and had been previously used by Bejenaru 
in other subcritical problems (see P and the references therein). 

In jS] lonescu-Kenig proved the first global (in time) well-posedness theorem 
for small data in the critical Besov spaces -Bq*^^, in dimensions d > 3, using 
certain technical modifications of the resolution spaces of [7] and the null structure 
observed in 0. As explained in the main difficulty in proving this result in 
dimension d = 2 is the logarithmic failure of the scale-invariant °° estimate. 

Unlike its Besov analogue, the condition ||so — Q\\ffd/2 ^ 1 in Theorem 11.11 
does not guarantee that the data sq takes values in a small neighborhood of Q. 
Because of this, the stereographic model used in [7j, |2], and |8j is not relevant, 
and it does not appear possible to prove Theorem 11.11 using a direct perturbative 
construction. We construct the solution s indirectly, using a priori estimates: we 
start with a solution s e C{[-T,T] : H^) of (HH), where T = T(||so||j^-o) > 0, (Tq 
sufficiently large, and transfer the quantitative bounds on the function s at time 
to suitable quantitative bounds on the functions ipm at time (the functions ipm 
are solutions of the modified Schrodinger map equations, see section |21). Then we 
study the modified Schrodinger map equations perturbatively, and prove uniform 
quantitative bounds on the functions tpm at all times t G [— T, T]. Finally, we 
transfer these bounds back to the solution s; this gives uniform quantitative 
bounds on s at all times t G [— T, T] , which allow us to extend the solution s up 
to time T = 1. By scaling, we can construct a global solution. 

The rest of the paper is organized as follows: in section |21 we explain how to 
derive the modified Schrodinger map equations (MSM)^, and prove quantitative 
bounds on the solutions ipm of the MSM at time t = 0. In section El we use a 
perturbative argument and the resolution spaces defined in [7] (and some of their 
properties) to prove bounds on the solutions ipm of the MSM on the time interval 
[— T, T] . The proofs of some of the technical nonlinear bounds are deferred to 
sectional In sectionlHwe transfer the bounds on ip^ to a priori bounds on solution 
s of (jl.lj) . and use a local existence theorem to close the argument. 

We will always assume in the rest of the paper that d > 3 (we have not 
constructed yet suitable resolution spaces in dimension d = 2). In subsection 13.31 
and sections |3] and El we assume the stronger restriction d > A; the reason for 
this restriction is mostly technical, as it leads to simple proofs of the nonlinear 
estimates in Lemma (3.51 In many estimates, we will use the letter C to denote 
constants that may depend only on the dimension d. 

We would like to thank S. Klainerman, I. Rodnianski, J. Shatah, and T. Tao 
for several useful discussions. 



^The MSM were first derived in T, using orthonormal frames, and 19 , using the stereo- 
graphic projection. 
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2. The modified Schrodinger map 

In this section we give a self-contained derivation of the modified Schrodinger 
map equations, using orthonormal frames^. In the context of wave maps, or- 
thonormal frames have been used in 0], |22], CH] ^tc. In the context 

of Schrodinger maps, orthonormal frames (on the pullback of T*M under the 
solution s) have been used for the first time in |3j to construct the modified 
Schrodinger map equations. See also J7j. Complete expositions of this construc- 
tion have been presented by J. Shatah on several occasions. 

In this section we assume d > 3 (some technical changes are needed in dimen- 
sion d = 2, but we will not discuss them here). 

2.1. A topological construction. Assume n G [1, oo) fl Z, ai, . . . , a^, G [0, oo), 
and let 

V = [-ai, fli] X . . . X [-an, an]. 

For n = let P° = {0}. 

Lemma 2.1. Assume n > and s : "D"" ^ §^ zs a continuous function. Then 
there is a continuous function v : with the property that 

s{x) ■ v{x) = for any x G T>^ . 

Proof of Lemma \2.1\ We argue by induction over n (the case n = is trivial) . 
Since s is continuous, there is e > with the property that 

\s{x) - s{y)\ < 2"^° for any x,y with \x - y\ < e. (2.1) 

For X G V"- we write x = (x',x„) G V"-~^ x [— a„,a„]. For any b G [— a„,a„] let 
= pn-i X [-an,b] = {x = (x', x„) G : x„ G [-a„,6]}. By the induction 
hypothesis, we can define v : T>^^^ — > continuous such that 

s{x) ■ v{x) = for any x G 1^-a„- 

We extend now the function v to P". With e as in ()2.1|) . it suffices to prove that 
if b, b' G [—an, a„], < 6' — 6 < e, : — > §^ is continuous, and s{x) ■ v{x) = 
for any x G V^, then v can be extended to a continuous function v : "D^, 
such that s{x) ■ v{x) = for any x G V^,. 
Let 

7^ = {(mi,M2) G X . l^al G (1/2,2) and |mi -Mai < 2"^}, (2.2) 
and let A : 7^ ^ denote the smooth function 

N[ui,U2 = I Tj r. 2.3 

Ml - ((Ml - Ms)/ M2r)M2 



^This elementary construction was suggested to us by T. Tao. 
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So N[ui, M2] is a unit vector orthogonal to U2 in the plane generated by the vectors 
Ui and U2- We construct now the extension v : V^, — > For x' G P""^ and 
Xn G [-an, b'] let 



v{x',Xn) 



N[v{x', b), s{x', Xn)] if Xn G [6, 6']; 
v{x',Xn) if x„ G [-a„,6]. 



In view of ()2.1|) . the function i; : "D^, — > is well-defined, continuous, and 
s{x) ■ v{x) = for any x G P^/. This completes the proof of Lemma f2. II □ 

Lemma 2.2. AssumeT G [0,2], Q,Q' G §^ Q-Q' = 0, anc? s : M'^x[-r,T] 
is a continuous function with the property that 

lim s{x,t) = Q uniformly in t & [— T, T]. 

I— >oo 

T/ien there is a continuous function t> : M*^ x [— T, T] — with the property that 

t) ■ v{x, t) = for any {x, t) eR'^ x [-T, T]; 
lim v{x,t) = Q' uniformly in t E [— T, T]. 



Proof of Lemma \2. ^ We fix i? > such that 

- Ql < 2-1° if |x| > and t G [-T,T]. 

Using Lemma im we can define a continuous function vq '■ Br x [— T, T] — such 
that s{x, t)-Vo{x, t) = for (x, t) G 5/?^ x [-T, T], where Si? = {x G M*^ : |x| < R}. 
Let = {x G : |?/| = R} and % = {x e S"^ : x ■ Q = 0}. We define the 
continuous function 

Q ^ \ rp rp. ^1 / ,x {s{y,t) ■ Q)vo{y,t) - {vo{y,t) ■ Q)s{y,t) 
w: SrX [-T,T\ §0, w{y,t) 



\{s{y,t) ■ Q)vo{y,t) - {vo{y,t) ■ Q)s{y,t)y 

so w{y,t) is a vector in Sg and in the plane generated by s{y,t) and Vo{y,t). 
Since li > 3, the space Sr x [—T,T] is simply connected (and compact), thus 
the function w is homotopic to a constant function. Thus there is a continuous 
function 

w : SrX [-T, T] X [1, 2] ^ §Q such that w{y, t, 1) = w{y, t) and w{y, t, 2) = Q'. 
With is as in ()2.3p . we define 

t;i(x,)f:) = N[w{Rx/\x\,t, \x\/ R), s{x,t)] 
for |x| G [R,2R], and 

t;2(x,t) = iV[g',s(x,t)] 

for |a;| > 2R. The function v in Lemma 12.21 is obtained by gluing the functions 
fo, fi, and V2- □ 
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2.2. Derivation of the modified Scfirodinger map equations. Assume now 
that T e [0, 1], Q, Q' G §^ and g ■ Q' = 0. Assume that 

seC{[-T,T]:H^)- 

dfS G C{[-T,T] : ^ ' ' 

We extend the function s to a function s G C([— T — 1,T + 1] : Hq) by setting 
s{.,t) = s(.,T) if t G [T,T+1] and?(.,t) = s(., -T) if t G [-T-l,-T]. Clearly, 
the function s' : R'^ x [— T — 1, T + 1] — §^ is continuous and lim^^^oo t) = Q 
uniformly in t. We apply Lemma 12.21 to construct a continuous function v : 
R'' X [-T - 1, T + 1] ^ §2 ^^^i^ ^i^g^i- s . ^7 = and lim^^oo v{x, t) = Q' uniformly 
in t. 

We regularize now the function v. Let : R'^ x R ^ [0, oo) denote a smooth 
function supported in the ball {{x,t) : + < 1} with J^^^^ip dxdt = 1. Since 
is a uniformly continuous function, there is e = e{v) with the property that 

\v{x,t) - {v*ifi,){x,t)\ < 2-20 for any (x,t) G R"' x [-T - 1/2, T + 1/2], 

where (pe{x,t) = e~'^~^ip{x/e,t/e). Using a partition of 1, we replace smoothly 
(y * ipe){x,t) with Q' for |a;| large enough. Thus we have constructed a smooth 
function v' : R'^ x (-T - 1/2, T + 1/2) ^ with the properties 

\v'{x,t)\ G [1-2-10,1 + 2-10] for any {x,t) G M'^ x [-T,T]; 
\v'{x,t) ■ s{x,t)\ < 2-10 for any {x,t) G M'^ x [-T,T]; (2.5) 
v'{x,t) = Q' for |x| large enough and t G [— T, T]. 

With as in (Q, we define 

v{x,t) = N[v'{x,t),s{x,t)]. 

In view of (j2.5j) . the continuous function t> : R'^ x [— T, T] — is well-defined, 
s{x, t) ■ v{x, t) = 0, and 

dmv G C([-T, T] : H°^) for m = 1, . . . , rf: 
G C([-T,r] : H°°). 

Given s as in ()2.4|) and f as in ()2.6p . we define 

w{x,t) = s{x,t) X t>(a;, t). 
Since is an algebra for a > d/2, we have 

G C{[-T, T] : if°°) for m = 1, . . . , 
dtw G C([-T,T] : iJ°°). 



(2.6) 



(2.7) 



To summarize, given a function s as in ()2.4|) we have constructed continuous 
functions v,w : R'^ x [— T, T] — >• such that s-v = s- 'w = v- w = 0, and ()2.6|) 
and (EH) hold. 
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We use now the functions v and w to construct a suitable Coulomb gauge. Let 

Am = {dmV) ■ W = -{dmW) ■ V foT 171 = 1 , . . . , d. 

Clearly, the functions are real-valued, 

Am e C{[-T,T] : H^) and dtA^ G C{[-T,T] : H°°). (2.8) 
We would like to modify the functions v and w such that X]m=i ^mAm = 0. Let 



v' = {cosx)v + {sinxjw 
w' = (— sin x)v + (cos xjw 



for some function x : M'^ x [— T, T] — > M to be determined. Then, using the 
orthonormality of v and w (which gives dmV ■ v = dmW ■ w = 0), 

^'m = {draV') ■ w' = Am + OmX- 

The condition Ylm=i ^mA'^ = gives 



m=l 



Ax = - dmAr, 

Thus we define x by the formula 



.t) = c [ e'^-«ier'X^(^u-^w(^n^)(e,t)rfe 

The integral defining the function x converges absolutely since Am G C ( [— T, T] : 
H°°) and > 3. Using (|TH1), it follows that x : K'^ x [-T,T] ^ M is a bounded, 
continuous function, dmX G C{[-T,T] : /7°°) and dtX e C([-T,T] : H'^). To 
summarize, we proved the following proposition: 



Proposition 2.3. Assume T E [0, 1], Q E S^, and 

(2.9) 



sECi[-T,T]:H^); 



dts E C([-T,T] : i7°°). 

r/ien i/iere are continuous functions v,w : M.'^x [— T, T] — > S^, s-v = 0, w = sxv, 
such that 

dmv,dmw E C{[-T,T] : H°°) for m = 0,1, d, (2.10) 
where Oq = dt- In addition, 

d 

if Am = {dmv) ■ w for m = 1, . . . ,d, then ^ dmAm = 0. (2-11) 
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Assume now that s, v, w are as in Proposition 12.31 In addition to the functions 
we define the continuous functions ipm '■ x [— T, T] ^ C, m = 1, . . . , 

= {dmS) ■ V + i{dmS) ■ W . (2.12) 

Let do = dt- We also define the continuous functions : M"' x [— T, T] R and 
iPo-.R'^x [-T, T] C, 

^0 = (dos) ■ V + i{dos) ■ w; 
Ao = (dov) ■ w = -{dow) ■ V. 

Clearly, iJn.,A^ e C{[-T,T] : H°^) for m = 0, 1, . . . , c?, and dtiJm,dtAm G 
T, T] : H°°) ioT m = 1, . . . ,d. In view of the orthonormality of s,v,w, 
for m = 0,1, . . . ,d 

dmS = ^{iJm)v + '^{iJm)w; 

dmV = -^{lprn)s + AmW, (2.14) 
dmW = -'^{llJrn)s - A^V . 

A direct computation using the orthonormality of s,v,w gives 

{di + iAi)i)m = {drn + ^^m)^/ for any m,l = 0,1, . . . ,d. (2.15) 

A direct computation also shows that 

diAm - dmAi = '^{tpi 4)^) for any m,l = 0,1, . . . ,d. (2.16) 

We combine these identities with the Coulomb gauge condition Ylm=i ^mAm = 
and solve the div-curl system for each t fixed. The result is 

d 

AAm = -^9,[$5(^„V^,)] form = l,...,d. (2.17) 

1=1 

Thus, using fl2.17j) . for m = 1, . . . ,d, 

d 

Am = V-^ [ ^ Rl \^{^m , (2.18) 
l=\ 

where Ri denotes the Riesz transform defined by the Fourier multiplier ^ — ^ ^^«/|^| 
and is the operator defined by the Fourier multiplier ^ — > |^|^^ 
Assume now that the function s satisfies the identity 

9ts = s X As on R'^ X [-T,T], (2.19) 

in addition to ()2.9j) . For m = 0, l,...,(i we define the covariant derivatives 
-Dm = 9m + iAm- Usiug the definition, 

'i/'o = (s X As) ■ f + z(s X As) ■ w. 

In addition, using ()2.14|) . 



9mS = (5m3?(^m) " " '^{^ra))v + ((9m5>(^m) + A^ " 3?(V'm))w - 
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Thus, using sxv = w,sxw = —v, 

d d 



^ Dmipm- 



I 

m=l 



We use now ()2.15|) and ()2.16|) to convert ()2.20|) into a nonlinear Schrodinger 
equation. We rewrite the identities ()2.15|) and ()2.16p in the form 

Di^rri = Dmi'i for any m, Z = 0, 1, . . . , (i; 
DiDmf - DmDif = i'^iipiipm)/ for any m,l = 0,1, ... ,d. 

Thus, using fl2.20p . for m = 1, . . . ,d, 

d d d 



1=1 1=1 1=1 

d d 

I 

1=1 1=1 



1=1 1=1 

Thus, using again ()2.1ip . for m = 1, . . . , d, 

d d d 

{idt + A,)i:m = -2i ■ di^m +{Ao + Y, ^n^™ - ' Yl (2.21) 



1=1 1=1 1=1 

We find now the coefficient Aq. Using ()2.1(jj) and jSHH), 



AAo = J2 9iidoAi + 9(^;^o)) = J2^i ^(^«^o)- (2-22) 



1=1 1=1 



Using ()2.2()p. ()2.15|1 and the identity ipi ■ Dmiprn = dm{ipiipm) - ■ Dmipi, 

d d d 

Tn=l m=l m=l 

d 1 

m=l m=l 

It folfows from ^TM that 

d ^ d 



2 

m,l=l m=l 
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Thus 

d 1 
A,= Y, RlRmi^i^l^n.)) + (2.23) 
m,l=l m=l 

Proposition 2.4. Assume s,v,w, and Am, m = 1, . . . ,d are as in Proposition 
\2.!A Assume in addition that the function s satisfies the identity 

dts = sx As on R'^ x [-T,T]. 

For m = 1, . . . ,d let 

V'm = (dnis) ■ V + i{dms) -w onR'^ X [-T, T]. (2.24) 
Then Am, dt^m, dtAm G C([-T, T] : E^) and 

{di + iAi)^m = {dm + iAm)ipi for any m,l = 1, . . . ,d; (2 25) 

Am = V~^[X]f=i^i[^(^mV'/)]] M anym = l,...,d, 

where Ri denotes the Riesz transform defined by the Fourier multiplier ^ —> 

and is the operator defined by the Fourier multiplier ^ —>■ In addition, 

the functions ipm satisfy the system of nonlinear Schrddinger equations 

d d d 

{idt + A,)^„ = -2i Ai ■ diiJm +{Ao + Y, ^D^rn + I '^ii^ii^M, (2-26) 
1=1 1=1 1=1 

for m = 1, . . . ,d, where 

d 1 

i,i'=i 1=1 

2.3. A quantitative estimate. We prove now quantitative estimates for the 
functions 

Lemma 2.5. With the notation in Propositions and \2.J\ if the function 
So(x) = s(a;,0) has the additional property ||so — < 1 and (Tq = + 10 

then, for m = 1, . . . ,d, 

ll^m(-,0)||^(d-2)/2 <C ■ ||so 

Um{;0)\\H^'-i < CiWsoWj,.') for any a' e [l,ao]nZ. ^ ' > 

Proof of Lemma \2.^ The main difficulty is that our construction does not give 
effective control of the Sobolev norms of v and w in terms of the norms of s. We 
argue indirectly, using a bootstrap argument and the identities (I2.14|) . (j2.24p . and 
()2.25|) . For a G [—1, oo) let V denote the operator (acting on functions in i7°°) 
defined by the Fourier multiplier ^ \^\" . For a G [—1/2, d/2] let p^ = d/ (cr + l). 
Then, in view of the Sobolev imbedding theorem (recall d > 3), 

||V"/|Up. < C||V"7||l''<.' if - 1/2 < a < a' < d/2 and / G H^. (2.29) 
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Let so{x) = 0), vo{x) = v{x,0), wo{x) = w{x,0), ipmfl{x) = ipmiXjO), and 
Am,o{x) = Am{x,0), and let eo = ||so — Q\\fjd/2 < 1- To start our bootstrap 
argument, we use ()2.24|) . ()2.29|) and the fact that \vq\ = \wo\ = 1 to obtain 

ll^m.olUfo < Ceo for m = 1, . . . , d. 

Then, using ^TH^ . 

II V^Am^olUpi < Ceo ioT m = 1, . . . ,d. 

Thus, using ()2.29j) . ||v4m_o||LPo < Ceo for m = 1, . . . ,d. We use now the identity 
and the fact that for f e H°° 

II V"/IU^ ~ 11^"' • • • ^d'fh' if n G Z+ and p G ^2,^-1/2]. (2.30) 

ni + ...+n^=n 

Thus 

||V^fo||LPo + llV^tuolliPo < Ceo- 

Therefore 

d d 

Y ||^m,o||Lfo + ^ llVMrn.olUfi + HV^l^olUfo + ||V^Wo|Ufo < Ceo- (2.31) 

m=l m=l 

We prove now that 

d d 

I|V>™,o|Up.. + l|V"+'Am,o|U^n+i + ||V"+So|Upn + WV^+'woWlv^ < Ceo, 

m=l m=l 

(2.32) 

for any n G Z fl [0, (rf — 2)/2]. We argue by induction over n. The case n = was 
already proved in ()2.3H) . Assume n>l and ()2.32|) holds for any n' G [0, n — IjflZ. 
Using ()2.24p . ()2.30|) . and the induction hypothesis 

II V^-V^m.olUp" < C*! V"^"'"So||lp" ■ ||'i^o||L°° 

n-1 

+ I|V"-"'so|Lp„_„'-, ■ I|V"'+^^;o||l-.', 

n/=0 

which suffices to control the first term in the left-hand side of ()2.32|) . For the 
second term, using ()2.25p and ()2.30p . 

d n 

||v"+M„,oIIl^"+i <cYY W^'^'AoWl^^' ■ llv^-^'^.olL^^-^', 

;,/'=! n'=0 

which suffices in view of the induction hypothesis and the bound on the first 
term proved before. The bound on the last two terms in the left-hand side of 
()2.32|) follows in a similar way, using ()2.14|) . ()2.30p . and the bound on the first 
two terms. 
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If d is even then (j2.32|) suffices to prove the ffist inequahty in (j2.28|) . simply 
by taking n = {d — 2)/2. If ci is odd, the bounds (|2.32|) with n = {d — 3)/2 and 
(IT^ give 

||V"+^t;o|Up<. + ||V"+^wo||lp. < Ceo for a G [-1/2, {d - 3)/2]. (2.33) 
In view of the hypothesis and ()2.29|) . we also have the bound 

II V"+^So||lp<. < Ceo for a G [-1/2, {d - 2)/2]. (2.34) 
We need the following Leibniz rule (a particular case of [13j, Theorem A. 8]): 

W^'^Hfg) - g^'^'fh^ < c\\v'/'gh.^ ■ llfh^. (2.35) 

if 1/qi + l/ga = 1/2 and gi,g2 e [pd/2,P~i/2]- Then, using ^M) and 

(d-3)/2 

\\^^'-'^^'^m,0\\L^<C J2 E l|V^/^(9„D%-/^('^-^)/^-"%)|U., 

uo&ii'OtWo} "=0 

where denotes any derivative of the form 9"^ . . . d^'', with rii + . . . + rid = n. 
The ffist inequality in (jT^ then follows from ^H^ . (j2ISl, and the fact 

that l^ol = 1. 

For the second inequality in (|2.28|) . we notice ffist that HV^m.olli?" ^ C ■ ||so||jyi , 
since |fo| = |wo| = 1. In view of the ffist inequality in ()2.28|) . we may assume 
a' > {d + l)/2. We use a similar argument as before: the bootstrap inequality 
that replaces ()2.32|) is 

d d 

l|V"'^m,0|li2nJ;^Pn-<T' + d/2 + ^ II V"Am,o|li2niPn-a' + d/2 

m=l m=l (2.36) 

+ X] l|V"+^Mo||i:,2nLfn— '+d/2 < C(||So||j:^^')) 

Uoe{vo,Wo} 

for any n G [0, a' — 1] fl Z, where Po- = P-1/2 = 2d if a < —1/2. As before, the 
bound (j2.36j) follows by induction over n, using the identities (j2.14p . (j2.24|) . and 
(12123), and the inequalities ^H^ . and 

J2 m\..dyso\\L^<C{\\so\\H.'). 

ni+...+nd<o-'-(d+l)/2 

The second inequality in ()2.28|) follows from the bound ()2.36|) with n = cr' — 1. □ 

3. Perturbative analysis of the modified Schrodinger map 

In this section we analyze the Schrodinger map system derived in Propositions 
12.31 and l2.4[ In the rest of this section we assume d > 3; this restriction is used 
implicitly in many estimates. 
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I. BEJENARU, A. D. lONESCU, AND C. E. KENIG 



3.1. The resolution spaces and their properties. In this subsection we de- 
fine our main normed spaces and summarize some of their basic properties. These 
resolution spaces have been used in and, with slight modifications, in jSJ, and 
we will refer to these papers for most of the proofs. 

Let T and denote the Fourier transform and the inverse Fourier transform 
operators on L^(R'^+^). For / = let and T'j^^ denote the Fourier 

transform and the inverse Fourier transform operators on L^(R'). We fix ?7o : 
M [0, 1] a smooth even function supported in the set {yU G M : < 8/5} 
and equal to 1 in the set {/i G M : < 5/4}. Then we define r/^ : M ^ [0, 1], 
J = l,2,..., 

r/,(^)=r7oW2^)-^o(/i/2^"'), 
and rt(^ : R"^ ^ [0, 1], A; G Z, 

(0 = ^o(|el/2^)-r/o(|el/2^-^). 



(3.1) 



(3.2) 



For j G Z_|_, we also define r]<_j = rjo + . . . + rjj. 

For G Z let ^ = e R'^ : \^\ G [2''~\ 2^+^]}; for j G Z+ let Ij = {^u G : 
G [2^-\ 2^+1]} if j > 1 and Ij = [-2, 2] if j = 0. For A; G Z and j G Z+ let 



xR-.^eljf^ and |r + \^\^\ G Ij} and Dk,<j = [j Dkj'. 

o<j'<j 

For /c G Z we define first the normed spaces 



Xk = {fe 



: / supported in J 



id) 



X 



and 



J2'^'/'Hir+\^\')-fh.<oo}. 

3=0 



(3.3) 



The spaces Xk are not sufficient for our estimates, due to various logarithmic 
divergences. For any vector e G S'^"^ let 

Pe = {e e M'' : e ■ e = 0} 

with the induced Euclidean measure. For p,q E [l,oo] we define the normed 
spaces LP'i = LP'«(R"' x R), 

LP'i = {f e L2(R'^ X R) : 



\f{re + v,t)\'' dvdt 



PeXl 



p/g 



dr 



i/p 



< oo}. 



(3.4) 



For A; G Z and j G Z_|_ let 

Dtj = {(e, r) G Dk, : e ■ e > 2>^-^'} and D 



e 

k,<j 



U ^Ir 

0<j'<j 
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For k > 100 and e e S*^"^, we define the normed spaces 

Y^- = {/ e X M) : / supported in Dl^,,^,, and 

||/||^e = 2-'=/2||^-^[(r+|er + z)-/]||^..<oo}. 

For simplicity of notation, we also define = {0} for k < 99. 

We fix L = L{d) large and ei, . . . , 6^ e S'^"^, 7^ e// if I ^ I', such that 

for any e e S''"^ there is Z e {1, . . . , L} such that |e - e^] < 2"^°°. (3.6) 

We assume in addition that if e e {ei, . . . , e^,} then — e e {ei, . . . , e^,}. For k E Z 
we define the normed spaces 

Zk^Xk + Y;:' + ... + Y^^. (3.7) 

The spaces are our main normed spaces. 

For k e Z+ let = 2^= • Z*^. Let x^^^ : K ^ [0, 1] denote an even smooth 
function supported in the interval [—2/3, 2/3] with the property that 

neZ 

Let x-^"^ [0, 1], x(0 = X^'K^i) ■■■■■ X^'K^d). For A; e Z+ and n e let 



Clearly, Enes^ = 1 on 

We summarize now some of the main properties of the spaces Z^.. 

Proposition 3.1. (a) If k e Z, m e L~(M'^), J^(^J(m) e L^R"^), and f e Zk, 
then m{^) ■ f & Zk and 

||m(e) • /Hz, < C||.F(-,J(m)|Ui(M.) • (3.8) 

(h) If k & Z, j & Z+ and f & Z^ then 

\\f-vAr+m\x,<C\\f\\z,. (3.9) 

(c) If k & Z, j ^ Z+, and f E Zk then 

\\v<Ar+\e)-f\\z,<C\\f\\z,. (3.10) 

(d) If k E Z and f is supported in Df for some e e {ei, . . . , ei,} t/ien 

ll/IU, < C2-'^/'\\J^-'[{t + (3.11) 

(e) (Energy estimate) If k E Z and f E Z^ then 

sup\\T-\f){.,t)\\Ll<C\\f\\z,. (3.12) 
teiR 
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(f) (Localized maximal function estimate) If k & Z, k' & {—oo, k + lOd] fl Z, 
/ e Zk, and e' G S'^"^ then 

[ J2 I \^''iXk'AO ■ f)\\h^^] < C2^'^'^"' ■ 2-(^-2)(^-^')/2(i + \k-k'\). ||/|U,„ 

(3.13) 

where r-\f) e {:F'\f),J'-\f)} . 

(g) (Local smoothing estimate) //A; G Z, e' G S"' ^,1 & [— l,40]nZ, and f E Zk 
then 

\\^-'[f- Vii^ ■ e'/2''~%\,^, < C2-^'^f\U,, (3.14) 



where :F-\f)e{:F-\f),r-\f)}. 

The bound ()3.8p follows directly from the definitions. The bound ()3.9|1 is proved 
in p, Lemma 2.1]. The bound ()3.1()|1 is proved in [HI Lemma 2.3]. The bound 
()3.11|) follows from the estimate (2.15) in [H]. The energy estimate ()3.12|) is proved 
in [SI Lemma 2.2]. The localized maximal function estimate ()3.13|) follows from 
[HJ Lemma 4.1] and ()3.9|) . Finally, the local smoothing estimate ()3.14|) is proved 
in PI Lemma 4.2]. 

The estimate in part (f) with k' = k will often be referred to as the "global 
()3.13|1 " . For k' < k — C we refer to this estimate as the "localized ()3.13|1 " . 

3.2. Linear estimates. We fix a large constant ctq, say 

(jo = d + 10. (3.15) 
For cr G [{d — 2)/2, — 1] we define the normed space 
F"" = {ue C(M : H'^) : 



For a G [(rf - 2)/2, (Tq - 1], T G [0,1], u G C{[~T,T] : H°"), and T' G [0,T] we 
define 

' ^ ' |o if |t| > r, ^ ^ 

and 

|2 , irtT? „,M|2 11/2 



fcez 

(3.18) 

The definition ()3.3|) shows that if A; G Z and / is supported in l'^^ x R then 

\\{r+\^? + ^)-'■f\W<C\\f\\,., 
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thus, for a e[{d- 2)/2, cxq - 1] and Ti, T2 G [0, T] 

IlklljV-hri.Ti] - lkll7V-[--T2,T2l| < C*!^! - ^2^^^ ■ SUp t) ||//.. (3.19) 

te[-T,T] 

For G -f/''^ let W{t){(f)) G C(]R : H'') denote the solution of the free Schrodinger 
evolution. 

Proposition 3.2. If a e [{d - 2)/2, (Tq - 1] and (f) E then 
WVoit) ■ Witmh^ < CmiH^ + 11011^™)- 
See jHl Lemma 3.1] for the proof. 

Proposition 3.3. If a E [(rf - 2)/2, (Tq - 1], T G [0,1], and u E C{[-T,T] : 
then 

ft 

< C\\u\ 

pa 



\n''[-t,ty 



Voit)- / Wit-s)iETiu){s))ds 
Jo 

where Exiu) is defined in ()3.17p . 
See jHf Lemma 3.2] for the proof. 

3.3. Nonlinear estimates. In this subsection we assume that d > A. Assume 
that T G [0,1] and ^„ G C([-T,T] : H'^), m = l,...,d. Let ^ = {^i,...,ipd) 
and define 

^0 = Em'=i Rfi' i^i^i^i')) + i Eti ^I'^i: (320) 
= V"^ [ Xli=i -R« [S(^m i^i)]] for any m = 1, . . . , 

and 

d d d 

Mmi"^) = -2i J2 A ■ di^^ +{Ao + J2 ^^)'^^ + ^ '^i^i'^J^i- (3-21) 
1=1 1=1 1=1 

Clearly, A„,A/'m(^) G C([-r,T] : (recall that d > 3). We assume also that 
on M!^ X [— T, T] we have the integral equation 

^m(t) = W{t){tlJm,o) + [ W{t~ s)(Ar^(^)(s)) ds, (3.22) 

where '?/'m,o = ^m(O). In dimensions d > 4 we will not need the compatibility 
conditions 

{di + iAi)il)m = {dm + iAm)i'i for any m,l = 1, . . . ,d. 
We define the extensions ET{ipm) G C(M : H°°), m = 1,. . . ,d, 

ET{^mm=Vo{t)-W{t){^m,o) + Voit)- [ W {t - s){Et{^U^)){s)) ds . (3.23) 
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Using Propositions \'A.2\ and for a G [{d — 2)/2, (Tq — 1] 

N''l-T,T])- 

Let Et(*) = {EtM, . . . , M^d)). For a E [{d - 2)/2, - 1] let 

d 

II^tWII^. = 5^||^T(^Jb.. (3.24) 

m=l 

The main result of this subsection is the following proposition. 

Proposition 3.4. Assume d > A. Then, for any o" G [{d — 2)/2,(Xq — 1] and 
m = 1, . . . ,d, 

< c\\ETm\M\\ETm\%.^2y. + \\ETm\%.^2y.). (3.25) 

The rest of this subsection is concerned with the proof of Proposition 13. 4[ For 
a e[{d- 2) /2, (To - 1] and e Z let 

f^^i^) = X: E 2"""'''^'° ■ (2'^'' + 2^'"'^'^'/')hi?(0 ■^(^t(^„.))||z„. (3.26) 

m=l fc'eZ 

Clearly, (3k,{a) < C2\^'-^^\/'^^f3k^{a) for any ki,k2 G Z, and 

E/5fc(fT)T/' < CWErimp^ for any a e [{d - 2)/2,ao - 1]. 

k&Z 

For /c G Z let denote the operator defined by the Fourier multiplier (^, r) — 
and let P<fc = ^ki^^Pk'- For G Z and G S/,. let Pfc,„ denote the 
operator defined by the Fourier multiplier (^,r) Xk,n{0- 

Lemma 3.5. If d > A, k e Z, e' e a G [{d-2)/2,ao - 1], and 

E e{ET{Ao),ET{Al),ET{i^,r.-i^i) ■.m,l = l,...,d,^e{ij,i^}} (3.27) 

then 

(2<xfc+2('^-2W2)||p,(F)|U2 < C/?fc(a)-(||^^(vl/)||^(,_,)/, + ||^^(vl/)|||^,_,,/,), (3.28) 
and 

\\P<kiE)\\^^,^ < C2'i\\ETm\li.-2y. + WErmU-^y^). (3.29) 

e' 

In addition, for m = 1, . . . ,d, 

^2'^>^ + 2(''-'W2)\\P,{ET{AJ)\\L^<C2-'p,{a)-\\M^^ (3.30) 

and 

\\P<k{ET{AJ)h-.^ < C\\ET{m%a-2y2. (3.31) 
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The main reason we assume d > 4 (rather than d > 3) is to have a simple proof 
of (j3.3ip . We defer the proof of Lemma (3.51 to sectional and complete now the 
proof of Proposition 13.41 For ()3.25|) it suffices to prove that 

for any /c G Z. Since i?T(A/'m(^)) is a sum of terms of the form F ■ ET{ipm) and 
Et{Ai) ■ diET{ipm), where F is as in ()3.27p . it suffices to prove that 

(2.. + 2('-^W^) ||(r + + ^)-' ■ HPk{F ■ ^T(V^™)))lk .3 33. 

+ + 2('^-2)^/2) II (r + i)'^ . nPk{ET{Ai) ■ diErii^^mz, 

is dominated by the right-hand side of ()3.32j) for any m, Z = 1, . . . , ci. We always 
estimate the expressions in ()3.33|) using ()3.1H) . 

We consider first the term F ■ Exii'm), and write Pk{F ■ Exii'm)) as 

Pk[P<k-io{F)-P,,{ET{^J)]+ Pk[PkAP)-P<k,+2oiET{^m))]- (3.34) 

|fci-fc|<2 ki>k-9 

Let c^{k) = 2'^^' + 2('^-2)fc/2^ rj.^ control the term in the first line of (pOn|) it suffices 
to prove that for any v G the quantities 

E c<^(^)ii^o(ie - v\/2''-''){t + ler + zr'HPk[p<k-io{F) ■ PkAEA^mmiu 

\ki-k\<2 

(3.35) 

and 

E ^'^(^)ll^o(le - v\/2'^~''){r + leP + ^)-'HPk[PkAF) ■ P<.,+2o(^t(^„.))]) IU, 

fci>fe-9 

(3.36) 

are dominated by the right-hand side of (j3.32|) . 

To bound the expression in ()3.35|) . we may assume that T^Pk^^ET^'ipm))) is 
supported in ^ x M n {(^, r) : |^ - w| < 2'=!-^°} for some w G li . We use the 
following simple geometric observation (cf. [SI Section 8]): ifv,w& S"^"^ then 
there is e G {ei, . . . , e^} such that 

e-??> 2"^ and |e- w| > 2"^ (3.37) 
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We fix e as in ()3.37|1 (with v = v/\v\ and w = w/\w\). Using the expression 

in (|3.35p is dominated by 

Cc^ik) 2-'/'\\P<kMF)-Pk,{ET{iJmmLi^2 

\ki~k\<2 

|A;i-fc|<2 

which suffices, in view of fl3.14|l and ()3.29|) . 

To bound the expression in ()3.3fi|) . we fix e G {ei, . . . , e/} such that |e— || < 
2~^°° and use ()3.11|) . The second sum in ()3.35|) is dominated by 

fci>fc-9 

<Cc^{k) Y 2"'^' Yl \\h,nPkAF)-Pk,n'P<k,+20{ET{tprnm\Ll'' 

fei>fc-9 n,n'eS^. and |n-ri'|<C2'= 

<Cc^{k) Y 2-'/' ^'^^''.l\^ ■ 2^^/^2-l^^"^l/4||E^(vl/)||^,,_,,,„ 

where M = (||^t(^)|| p(d~2)/2 + ||-E'T(^)|||,(d_2)/2)5 ^iid we used the locahzed ()3.13|) 
and (IT^ in the last estimate. This suffices since /3fci(cr) < C2l'=i-'=l/^Vfc(o-) and 
> 4. 

We consider now Et{Ai) ■ diET{ipm)- We write Pk^Ex^Ai) ■ diET{ipm)) as 
Y Pk[P<k-io{ET{Ai)) ■ PkMEri^m))] 

\ki-k\<2 

+ Y Pk[Pk,{ET{Al)) ■ P<k,+20{dlET{^m))], 
ki>k-9 

and argue as before, using (|3.31|) and (|3.3(J|) instead of (|3.29|) and (j3.28p . 

4. Proof of Theorem 11.11 

In this section we assume d > A. 

4.1. A priori estimates. In this subsection we prove the following: 

Proposition 4.1. Assume that aQ = d + 10 is as in (|3.15|) . T G [0,1] and 
s G C{[—T,T] : Hq^) is a solution of the initial-value problem 

dts = sx As on x [-T, T]; 
s{0) = so. 
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U II So - Qllijd/2 < £^0 < 1 then 

sup ||s(t) - Q\\Hd/2 < C\\so - Qll^d/2; 
te[-T,T] ^^2) 
sup < C'(||-5o||ji^<t') for any a' e [0, ctq] H ^• 

Proof of Proposition \4 ■ 1\ We construct ipmi^m ^ C{[—T^T] : H'^) as in Pro- 
position I2.41 In view of Lemma 12.51 

||^m,o|lH(d-2)/2 < C||So - Q\\Hd/2 < Ceq. (4.3) 

For any T' G [0,T] we define the functions i?T'(A/'m(^)) and ET'{ipm) as in ()3.17|) 
and ()3.23j) . Using Propositions 13.21 and 13.31 for a E [{d — 2)/2,cro — 1] and 

T'e [o,r], 

d d 

). (4.4) 

m=l m=l 

In addition, using Lemma IT^ for cr G [(c? — 2)/2, ctq ~ 1] and T' G [0, T], 

5^ \\Mm{mN^[-T',T'^ < C\\ET\mFA\\ET'm\\%.-2y2 + pT'(^)r^,.-2,/2). 
m=l 

(4.5) 

The inequality ()3.19p shows that the function L{T') = X]m=i ll-^m(^)llAf<'[-r',T'] 
is continuous on the interval [0,T]. Also, L{0) = 0. Thus we can combine ()4.4|) 
and ()4.5|) (with a = (d — 2)/2), together with the smallness of ||'?/'m,o|li/(d-2)/2, to 
conclude that 

d d 

I]||AC(^)|| 7V<^[_T',T'] — I l^m.ol li/{d-2)/2 for any T' G [0,T]. 

m=l m=l 

Using (j4.4p again, it follows that 

d 

||^r(^)b(d-2)/2 < C J] ||^^,o||^(.-2)/2 < 1. (4.6) 

m=l 

We combine (j4.4|) and (|4.5|) again; using (|4.6|) . for any a G [(c? — 2)/2, ctq — 1] 

d 

||^t(^)||f. < ||Vm,o||if.nH('*-2)/2- (4.7) 

m=l 

Using dsns), it follows that for any a e [{d - 2)/2, (Tq - 1] 

d d 

V sup ||^„(t)||^.nif('^-2)/2 < C'y' llV'm,o|lij<.nH('*-2)/2- (4.8) 
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We use ()4.8j) to get a priori estimates on the solution s. Using ()4.H|1 and ()4.8j) . 

d 

V sup ||V^m(t)||H(^-2)/2 <C||so-g||^d/2. (4.9) 

We define the operators V^, cr g [— 1/2, (i/2], as in the proof of Lemma (2 .51 Let 
Per = d/{a + 1). Then, in view of the Sobolev imbedding theorem (recall d > 3), 

||V"/||lp. < C||V"7||l^<.' if - 1/2 < < (t' < d/2 and / G (4.10) 

Let no denote the smallest integer > {d — 2)/2. Using ()4.10|) . ()2.30|) . and the 
definition of the coefficients A^, 

||A^(t)||^(._.)/. < ||V"°(A„(t))|Upno < CPo -Q||^./2, (4.11) 

for any t G [— T, T] and m = 1, . . . ,d. 

To prove estimates on the solution s, recall the identity ()2.14p . 

dmS = 'R{lpm)v + '^{iJm)w] 

dmv = -3ft(V'm)s + Amw; (4.12) 

dmW = -'^{iJrn)s - A^V. 

Since |s| = \v\ = \w\ = 1, we use (jOj) . pTTjl . and (jCTljl to see that 

d 

Yl Ol^-(^W)IU™ + \\dm{vit))\\Lvo + \\dUwit))\\Lvo] < C\\so - Q||^./2, 
m=l 

for any t G [— T, T] . As in the proof of Lemma 12.51 a simple inductive argument 
using dug), (jOl), (HHH), and (jmn|l shows that 

d 

J2 [l|V"5^(s(t))lUpn + ||V"9™(t;(t))|Up„ + WV^dUwmiLvn] < C\\so - Q\\h./2, 

m=l 

(4.13) 

for any n G Z fl [0, (c? — 2)/2] and t G [— T]. If d is even, this gives 

Mt) -Q\\h,/2 <C||so-g||^d/2 for any tG [-r,T]. (4.14) 
If d is odd then, using ()4.13p with n = {d — 3)/2 and ()4.10p . we have 

d 

[W^'^d^isimiLP^ + W^^'dmivitmLP. + WV^d^iwrniLv.] < C\\S0 - Qb./2 

m=l 

for any a G [—1/2, {d — 3)/2]. The bound ()4.14|1 follows in this case as well, using 
the Leibniz rule (j2.35|) . 

We show now that for cr' G [0, (Tq] fl Z 

sup P(t)||^g' <C(||so||^gO- (4.15) 
te[-r,T] '-^ '-^ 
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For this we observe first that we have the conservation law 

PWIko = II^oIIho for any t G [-T,T], (4.16) 

which follows by integration by parts from the initial- value problem ()4.1|) . Thus, 
we need to estimate \\s(t) — QWfja' for t E [— T, T]. Using the first inequality in 
(lOl . we may assume a' > {d + l)/2. In view of ^TT^ and 

d 

V sup \\i^Ut)\\H-'-^ <C{\\So\\h^'). 

In addition, due to the energy conservation law 

d d 

1=1 1=1 

and the definition ipm = (dms) ■ v + i{dms) -w, we control sup^g^.^^ j.] ||V'm(^)||L2 < 
CdlsollH-r')- Thus 

d 

V sup \\^Ut)\\H-'~^ <C{\\so\\h.'). 
Using the definition of the coefficients A^, it follows easily that 

d 

V sup < C(||so||^.')- 

We combine the last two inequalities, (j4.12p . and the fact that |s| = |f| = \w\; 
a simple inductive argument gives sup^^j.^ j.] | ISm^l < C(||so||j|^<t')) which 

completes the proof of ()4.15p . □ 

4.2. Existence and uniqueness of solutions. The uniqueness statement in 
part (a) is proved in ^ section 2]: assume s,s' G C([Ti,T2] : Hq°) solve the 
equation dts = s x A^s on R*^ x [Ti, T2], and s(Ti) = s'(Ti). Let g = s' — s, so 



dtq = {s + q)x A^(s + g) - s X A^s on R'^ x [Ti, T2]; 
g(ri) = 0. 

We multiply ()4.17p by q{t) and integrate by parts over R"^ to obtain 
l:dtMt)\\l,] = [ [s{t) X A^t)] . q{t) dx 



(4.17) 



<C.(||g(t)||i. + 5^||9Mt)|li.). 
1=1 



(4.18) 
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Then we apply di to ()4.17j) . multiply by diq(t), add up over / = 1,. . . ,d, and 
integrate by parts over M*^. The result is 

IdtiY^ mmu = - [ m x A^t)] ■ AMt)dx 
^ 1=1 

d 



(4.19) 



(=1 



Using p:TH|l and (jCT?]) . g = on M'^ x [Ti,T2], as desired. 

To construct the global solution, we need the following local existence result: 

Proposition 4.2. Assume sq € Hq . Then there is Tcr^ = T(||so||j:^'^o) > and a 
solution s G C([— Tq-q, To-g] : Hq) of the initial-value problem 

dtS = sxAs on R-^x [-T^„,T,o]; 
s(0) = So. 

In addition, the time To-,, can be chosen such that 



sup ||s(t)||j:^-o < C(||so||h-o); 

sup < C((T, II So II J/-) ifcre [0-0,00) nz. 



(4.20) 



The local existence Proposition 14.21 is proved, for example, in [12 . The bound 
()4.20|) is not stated in this paper, but follows from the key estimate (5.32) in ^21- 
Assuming Proposition 14. 2t by scale invariance, it suffices to construct the solution 
s in Theorem 11.11 on the time interval [—1, 1]. In view of Proposition 14. 2t there 
is To-Q > and a solution s on the time interval [—T^^^, T„g]. Assume the solution 
s G C{[T,T] : Hq^) is constructed on some time interval [—T, T], T < 1. In view 
of Proposition I4.H 

sup ||s(t)||j;^-o < C(||so||^^-o), 
te[-r,r] 

uniformly in T. Using Proposition l4.21 the solution s can be extended to the time 
interval [—T — T',T + T'] for some T' = T'(||so||h<to) > (which does not depend 
on T). The theorem follows. 

5. Proof of Lemma 1X31 

We use the notation in section |21 and assume in this section that d > 4. For 

simplicity of notation, we let ip denote any of the functions ET^ipm) or ET{ipm), 
m = 1, . . . ,d, A denote any of the functions A^, m = 1, . . . ,d, and R denote any 
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operator of the form RiRi', 1,1' = 0,1, ... ,d, Rq = I. With this convention, we 
show first that for any A; G Z and a E [{d — 2)/2, ctq ~ 1] 

(2<xfc + 2^^-'W')\\P,{R{ij ■ m\L^ < CP,{a)\\Erm\\Fi^-^y^- (5-1) 
The left-hand side of fl5.1|) is dominated by 

|fci-fc|<2fc2<A:-4 

+ C(2-^' + Yl \\Pk{PkM ■ PkM)\\L^ 

Using (j3.14j) . we estimate ||Pfcj'?/'|| in -L^'^ (after suitable localization), and, using 
the global ()3.13|) . we estimate ||-Pa:2'0|| iii -^e°°- The bound ()5.1|) follows since 
/?fci((x) < C2l*--i^^'l/iO/3fc(t^)- The bounds I^H^ for F E {EriAo), Erii^m ■ ^i) ■ 
m,l = 1, . . . ,d,ip E {iIj, V^}}, and ()3.30|) clearly follow from ()5.H) . Also, it follows 
from (jS.lj) that 

{2^' + 2^''^)^'^) ■ \\Pk{A)\\^^a < C2-^/' ■ (3,{a) ■ \\Erm\Fi^-^)n. (5.2) 

for any e' E S'^^^ 

We prove now that for any e' E S"'^^ 

5^2-^||P,(i?(^»)||^,. <C||Et(v1/)|||(,.„/,. (5.3) 

' * e' 

For any k E 

\\PkiRi^-m\Lir^^ E E ll^fciW-^^2WllL^r 

|fci-fc|<2fc2<fc-4 (5 4) 

+ c Yl \\PkiPkA^)-PkM)\\Lir- 

fcl,A;2>A:-4,|fci-fc2|<10 

For the first sum in ()5.4|1 . we use the global ()3.13|) : 

|fcl-A:|<2A:2<fc-4 

E E (2^'"'^'^/1^.iWllz.J-(2('^-^)'=^/lP.2Wllz,J 

|fcl-A:|<2 fc2<fe-4 

<C2'=/3fc((d-2)/2)2. 
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For the second sum, we use the locahzed (jH.lHj) and the assumption d > 4: 

\\PkiPk,^-PkM\L^'-' <C V WPk^nPM) ■ Pk,n'Pk,m\L^,^ 

n,n'GSfc and \n—n'\<.C2^ 

<c[Y,\\PKnPkAml^^r\'''-^ E \\PKnPk,m\l^^r\"' 

< C2''2-\''^-''\/^(3k{{d-2)/2f. 

The bound ()5.H|1 follows from ()5.4j) and the last two estimates. The bounds ()H.29|1 

for F e {ET(Ao),^r(V'm ■ V'z) : m,l = 1, . . . ,d,^ e and (pn?T|l clearly 

follow from ()5.3p . 

It remains to prove the bounds (HnHj) and for F = Et{AI^). We will 

need the following technical lemma: 

Lemma 5.1. If k e Z, k' e (-oo, k + lOrf] n Z, and e' G S'^"^ t/ien 

[ E ||P.',nP.(A)||^,.]^/^ < C2^/^2-^l'=-^'l/iEHvl/)|||^,_,,^,. (5.5) 

I—, 

Assuming Lemma f5. 11 for ()3.28p it suffices to prove that 

(2^' + 2('^-2)'=/2)||P,(A- < (5.6) 

The proof of ()5.6|) is similar to the proof of ()5.ip . using the L^'^ estimate in ()5.2|) 
and the global (that is k' = k) Lj,°° estimate in ()5.5|) . For ()3.29|) it suffices to 
prove that 

\\P,{A- A)\\^^^^ < C2'\\ETm\U-^y., (5-7) 

e' 

for any A; G Z and e' G S'^"^. The proof of (|5.7|) is similar to the proof of (j5.3|) . 
using the localized estimate in ()5.5|) . 

Proof of Lemma \5.1\ In view of the definitions, we may assume k' < k — lOd and 
it suffices to prove that 

[ \\Pk',nPk{^-n\h^o.Y^" < c723^/^2-3i^-^'i/iEHv]/)|||^,_,^^,. (5.8) 

We will use the following bound: if /c G Z, A;' G (— oo, k + lOd] fl Z, and f E Zk 
then 

[II E :F-\xk'AOJ)\\hX'' <C2''''' ■'^-'^'-^^^^^ (5.9) 

where J^-^/) G {J^-i(/), J^-i(/)}- For A; - A;' < C this follows directly from 
()3.12|) and the Sobolev imbedding theorem. For k — k' > C, the bound ()5.9|) 



GLOBAL SCHRODINGER MAPS 27 

follows by analyzing the cases / G and / G (see Lemma 4.1 in ^ for a 
similar proof). 

The left-hand side of fjS.Sp is dominated by 

+^ E E [ E ii^'=>^'^(^'^-iW-^'^^w)iiir]'^' (5-10) 

|A:i-fc|<2fc'<fc2<A:-4 neH^., 

+ c E [ E \\P''',nPk{PkM-PkM)\\lirY^"- 

fci,fc2>fc-4, |fci-fc2|<10 neHfe/ 

We use the L'^^ estimate ()5.9|) on the lower frequency term and the localized 
-^e'°° estimate ()3.13|) on the higher frequency term. The first sum in fl5.10|) is 
dominated by 

|fci-fc|<2 k2<k' 

which suffices for ()5.8p . The second sum in ()5.10|) is dominated by 

E E [ E ll^fc'.A Wlli--]'^' ■ [ E \\Pk',nPM)\\L-] 

\ki~k\<2k'<k2<k~4 n&y " n&y 

|fci-fc|<2fc'<fc2<fc-4 

which suffices for ()5.8p . The third sum in ()5.10p is dominated by 

c^.\k-k'\/. y: [ y: \\Pk>PkM\\i.^Y^'-[ E \\p^>PM)\\w^' 

< ^2d\k-k'\/2 2''^^/^\\ET{^)\\l^,_2y2 ■ 2'('^-i)l'=i-^'l(l + \h - k'\)\ 

fcl,A:2>/c-4, |/ci-fc2|<10 

which suffices for (|5.8|) since (i > 4. This completes the proof of Lemma f5. 11 □ 
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